Abstract. Spiral waves in excitable media may drift due to interaction with medium inhomogeneities. We describe this drift asymptotically, within the kinematic (eikonal) approximation.
Introduction
One of the most typical two-dimensional patterns in autowave media is a spiral wave, which has been observed e.g. in the Belousov-Zhabotinsky reaction [1, 2] cardiac tissue [3] , social microorganisms [4] , neural tissue [5] and heterogeneous catalytic chemical reactions [6] . Spiral waves of excitation in heart tissue underlie certain types of cardiac arrhythmias [7] .
In a perfectly homogeneous medium, the spiral wave may rigidly rotate around a fixed center determined by initial conditions. Real media are often inhomogeneous. This usually leads to variation of rotation frequency and drift of the rotation center [8] . Understanding of this drift is important, for the prediction and control of spiral wave behaviour.
The mathematical description of autowave media is usually in terms of nonlinear partial differential equations. Description of the dynamics of spiral waves or there 3D analogues, scroll waves, can be done by perturbation techniques, assuming that the unperturbed spiral wave solution, the free spiral, is known [9, 10] . This theory has a heuristic value, e.g. it predicts that the drift of the spiral is governed by 'Aristotelean' motion equations: the velocity is proportional to the 'force' caused by inhomogeneity or other perturbation, and this force, in a first approximation, is a linear convolution-type functional of this perturbation. The kernels of convolution integrals, the response functions, can be found numerically [11] .
There are limiting cases where some results can be achieved analytically. The 'kinematic approach' [12, 13] applies to an important class of excitation waves, which include the waves in heart tissue. If the excitation waves are rare and locally nearly planar, then the description of a wave is reduced to the description of a curve, the crest line of the wave, and motion of this curve is determined by its local geometry. For brevity, we call this line just the wave. Spiral wave is a broken wave, so we need also to describe the motion of its free end, the tip. Such motion equations have been proposed, in [12] from semi-phenomenological and in [13] from asymptotical considerations; these two versions differ in some details.
In this paper, we study the drift of spiral waves caused by inhomogeneity of the medium properties, in terms of the kinematic approach as formulated in [13] . Equations of motion of the wave and the tip in inhomogeneous media can be derived asymptotically, as for homogeneous media; this leads to spatial dependence of the coefficients, and also to additional terms, that are proportional to spatial derivatives of the medium properties. In this paper, to reveal the key features of interaction with inhomogeneity and to simplify formulas, we neglect the spatial derivatives and restrict consideration only to spatial dependence of the coefficients.
To describe the drift, we use the 'adiabatic' perturbation technique proposed in [14] . We consider the spiral wave in the comoving frame of reference (CMF), moving together with the center of the spiral wave. So, this center is always at the origin of the CMF. This leads to a problem with non-stationary coefficients, even for a stationary medium. As the drift is expected to be slow, the instant distribution of medium properties is considered, in the first approximation, as stationary. The solution in the CMF with frozen coefficients should be periodic in time. This requirement yields additional conditions, which allows the determination of the velocity of the CMF as a functional of the instantaneous distribution of the medium properties, i.e. of the current location of the spiral in the laboratory frame of reference.
Though obtained by a different technique, the present results are in agreement with the general theory of [10] . Namely, the drift velocity and frequency shift are linear convolution-type functionals of the perturbations of medium properties. This gives explicit analytical expressions for the response functions with respect to all varied medium parameters.
We conclude by considering examples of media with linear and with stepwise gradients of parameters.
Kinematic Approach
The kinematic approach is based on the equation for the normal velocity of wave propagation, v n , and curvature of the wave, K, [15, 16, 12] :
where K is considered positive if the wave is convex in the direction of propagation, s is arclength along the wave measured from the tip, and V and D are parameters of the medium.
